The fractional matching preclusion number of a graph G, denoted by f mp(G), is the minimum number of edges whose deletion results in a graph that has no fractional perfect matchings. In this paper, we first give some sharp upper and lower bounds of fractional matching preclusion number. Next, graphs with large and small fractional matching preclusion number are characterized, respectively. In the end, we investigate some extremal problems on fractional matching preclusion number.
induced by X; similarly, for any subset F of E(G), let G[F ] denote the subgraph induced by F . Let X ⊆ V (G) ∪ E(G). We use G − X to denote the subgraph of G obtained by removing all the vertices in X together with the edges incident with them from G as well as removing all the edges in X from G. If X = {x}, we may write G − x instead of G − {x}. For two subsets X and Y of V (G) we denote by E G [X, Y ] the set of edges of G with one end in X and the other end in Y .
The degree of a vertex v in a graph G, denoted by deg G (v) , is the number of edges of G incident with v. Let δ(G) and ∆(G) be the minimum degree and maximum degree of the vertices of G, respectively. The set of neighbors of a vertex v in a graph G is denoted by N G (v). A graph is
Hamiltonian if it contains a Hamiltonian cycle. A component of a graph is odd or even according to whether it has an odd or even number of vertices.
Matching preclusion
A matching in a graph is a set of edges such that every vertex is incident with at most one edge in this set. If a set of edges form a matching in a graph, they are independent. A perfect matching in a graph is a set of edges such that every vertex is incident with exactly one edge in this set. An almost-perfect matching in a graph is a set of edges such that every vertex, except one, is incident with exactly one edge in this set, and the exceptional vertex is incident to none. So if a graph has a perfect matching, then it has an even number of vertices; if a graph has an almost-perfect matching, then it has an odd number of vertices. The matching preclusion number of a graph G, denoted by mp(G), is the minimum number of edges whose deletion leaves the resulting graph with neither perfect matchings nor almost-perfect matchings. Such an optimal set is called an optimal matching preclusion set. We define mp(G) = 0 if G has neither perfect matchings nor almost-perfect matchings. This concept of matching preclusion was introduced in [4] and further studied in [4, 6, 7, 9-13, 20, 22-25, 29, 30] . Originally this concept was introduced as a measure of robustness in the event of edge failure in interconnection networks. An interconnection network with a larger MP number may be considered as more robust in the event of link failures. The following result, due to Dirac, is well-known. Theorem 1.1. Dirac [3] (p-485) Let G be a simple graph of order n (n ≥ 3) and minimum degree
, then G is Hamiltonian.
Theorem 1.2. [21]
Let G be a graph of order n in which deg G (u) + deg G (v) ≥ n for each pair of nonadjacent vertices u, v. Then G is Hamiltonian.
Fractional matching preclusion
A fractional matching is a function f that assigns to each edge a number in [0, 1] such that e∼v f (e) ≤ 1 for each vertex v, where the sum is taken over all edges e incident with v. If f (e) ∈ {0, 1} for each edges e, then f is just a matching. Clearly,
The fractional matching number of G, denoted by µ f (G), is the supremum of e∈E(G) f (e) over all fractional matching f . A fractional perfect matching is a fractional matching f satisfying that e∈E(G) f (e) = 1 for every v ∈ V (G). Clearly, a fractional matching f is perfect if and only
and a perfect matching is a fractional perfect matching.
An edge subset F of G is a fractional MP set (FMP set for short) if G − F has no fractional perfect matchings. The FMP number of G, denoted by f mp(G), is the minimum size of FMP sets of G, that is,
The following results are immediate.
For complete graphs, Liu and Liu [17] derived the following result.
Extremal problem
One of the interesting problems in extremal graph theory is the Erdös-Gallai-type problem, which is to determine the maximum or minimum value of a graph parameter with some given properties.
In [5, 15] , the authors investigated two kinds of Erdös-Gallai-type problems for monochromatic connection number and monochromatic vertex connection number, respectively. Motivated by these, we study two kinds of Erdös-Gallai-type problems for f mp(G) in this paper.
Problem 1. Given two positive integers n and k, compute the minimum integer f (n, k)
Problem 2. Given two positive integers n and k, compute the maximum integer g(n, k)
Another interesting problem in extremal graph theory is to study the minimum size of graphs with given parameter; see [27] .
Problem 3. Given two positive integers n and k, compute the minimum integer s(n, k) = min{|E(G)| : G ∈ G (n, k)}, where G (n, k) the set of all graphs of order n (that is, with n vertices) with fractional matching preclusion number k.
In Section 2, we show that 0 ≤ f mp(G) ≤ n − 1 for a graph G of order n, and the graphs with f mp(G) = 0, 1, odd graphs with f mp(G) = n − 1, n − 2, n − k are characterized. In Section 3, we study the above extremal problems on fractional matching preclusion number. The results in this paper can be viewed as the fractional matching preclusion number analogues of those in [32] . So the basic structure of some of the proofs are similar. However, more analysis are required here.
Graphs with given FMP number
Let o(G) be the number of components of G with an odd number of vertices and i(G) be the number of isolated vertices of G. The main theorem on perfect matchings is the following, due to
Tutte [28] . It is clear that the above theorem can be used to characterized graph with fractional preclusion number at most k in the following way: f mp(G) ≤ k if and only if there exist T ⊂ E(G) where
The following are equivalent for a graph G.
(1) G has a fractional perfect matching.
(2) There is a partition V 1 , V 2 , · · · , V n of the vertex set V (G) such that, for each i, the graph
There is a partition V 1 , V 2 , · · · , V n of the vertex set V (G) such that, for each i, the graph
Hamiltonian graph on an odd number of vertices.
. From Theorem 1.1, G − X contains a Hamiltonian cycle, and hence G − X contains a fractional perfect matching, which contradicts the fact that f mp(G) = k.
Note that each graph G with n vertices is a spanning subgraph of K n . The following bounds are immediate by Observation 1.1 and Theorem 1.3.
Proposition 2.2. Let G be a connected graph of order n. Then
Moreover, the upper and lower bounds are sharp.
Graphs with small FMP number
The following corollary is immediate by Theorem 2.3. (1) There is a partition V 1 , V 2 , · · · , V n of the vertex set V (G) such that, for each i, the graph
(2) There exists an edge e ∈ E(G) such that for every partition
Proof. Suppose (1) and (2) hold. Since (1) holds, it follows from Theorem 2.3 that f mp(G) ≥ 1.
Since (2) holds, it follows that f mp(G ′ ) = 0 and hence f mp(
Suppose f mp(G) = 1. From Theorem 2.3, (1) holds. Since f mp(G) = 1, it follows that there exists an edge e such that f mp(G − e) = 0. From Corollary 2.4, (2) holds.
Graphs with large FMP number
Wang et al. [31] characterized even graphs with given matching preclusion number.
Theorem 2.5.
[31] Let n, k be two integers with n ≥ 4k + 6, and let G be an even graph of order
For an even graph G, we have mp(G) ≤ f mp(G) ≤ δ(G), and hence the following corollary is immediate.
Corollary 2.6. Let n, k be two integers with n ≥ 4k + 6, and let G be an even graph of order n.
We now focus our attention on odd graphs.
Proposition 2.4. Let G be an odd graph of order n ≥ 7. Then f mp(G) = n − 1 if and only if G is a complete graph of order n.
Proof. From Theorem 1.2, if G is a complete graph of order n, then f mp(G) = n − 1. Conversely, we suppose f mp(G) = n − 1. From Observation 1.1, we have δ(G) ≥ f mp(G) = n − 1, and hence G is a complete graph, as desired.
Proposition 2.5. Let G be an odd graph of order n ≥ 8. Then f mp(G) = n − 2 if and only if
We need to show f mp(G) ≥ n − 2. It suffices to prove that for every F ⊆ E(G) and |F | = n−3, G −F has a fractional perfect matching.
We first suppose that
and hence
. From Theorem 1.1, G − F contains a Hamiltonian cycle, and hence there is a fractional perfect matching in G − F . Next, we suppose that there exists a vertex v ∈ V (G)
and hence δ(
. By Theorem 1.1, G 1 − F contains a Hamiltonian cycle, and hence there is a fractional perfect matching in
Suppose that there exists a vertex
Observe that G 2 is a graph from K n−4 by deleting at most
< n − 5 edges for n ≥ 8. By Theorem 1.3, there is a fractional perfect matching in
We may now conclude that f mp(G) = n − 2.
Theorem 2.7. Let n, k be two integers with n ≥ 4k + 5, and let G be an odd graph of order n.
It suffices to prove that for every F ⊆ E(G) and |F | = n − k − 1, G − F has a fractional perfect matching. We first suppose that
, from From Theorem 1.1, G − F contains a Hamiltonian cycle, and hence there is a fractional perfect matching in G − F . Next, we suppose that there exists a
follows that for every vertex pair s,
Hamiltonian cycle, and hence there is a fractional perfect matching in G 1 − F , say f ′ . Clearly, f ′ ∪ {uv} is a fractional perfect matching of G − F . From the above argument, we conclude that f mp(G) = n − k.
Conversely, we suppose f mp(G) = n − k, we want to show that δ(G) = n − k. Furthermore, by induction on k, we prove that f mp(G) = n − k if and only if δ(G) = n − k. From Proposition 2.4 and 2.5, the result follows for k = 1, 2. Suppose that the argument is true for every integer
it follows from the induction hypothesis that f mp(G) = n − k + t < n − k, which contradicts
Extremal problems
We now consider the three extremal problems that we stated in the Introduction.
3.1 Results for s(n, k) and g(n, k)
For general k, we have the following result for s(n, k).
Theorem 3.1. Let n, k be two positive integers such that n = ℓ · (k + 1) + r, where 0 ≤ r ≤ k and
where (a) r = 0;
(b) r ≥ 1, k + r is odd;
(c) r ≥ 1, k + r is even, k is even, and ℓ ≥ 2.
(2) If r ≥ 1, k + r is even, k is odd, and ℓ ≥ 2, then
Proof. If r = 0, then let G Since k + r is odd, it follows that k + r + 1 is even. Let F 1 be a k-regular graph of order k + r + 1 such that F 1 can be decomposed into k edge-disjoint perfect matchings, and let F 2 be the disjoint union of (ℓ − 1) cliques of order k + 1, that is,
Since f mp(G) = k, it follows that δ(G) ≥ f mp(G) ≥ k, and hence s(n, k) ≥ nk 2 , completing the proof for the case k + r being odd.
Suppose k + r is even. Then k + r + 1 is odd. We define four graphs:
• Let F 3 be a k-regular graph of order k+r such that F 3 can be decomposed into k edge-disjoint perfect matchings;
• Let F 4 = (ℓ − 2)K k+1 ;
• Let F 5 be a k-regular graph of order k+2 such that F 5 can be decomposed into k edge-disjoint perfect matchings, where k is even;
• Let F 6 be a graph obtained from K k+2 by deleting a maximum matching, where k is odd.
Suppose that k is even and ℓ ≥ 2. Let G
. Since f mp(G) = k, it follows that δ(G) ≥ f mp(G) ≥ k, and hence s(n, k) ≥ nk 2 , completing the proof for k is even and ℓ ≥ 2.
Suppose that k is odd and ℓ ≥ 2. Let G
Since n, k, r are all odd integers, it follows that s(n, k) ≥ nk+1 2
, completing the proof for k is odd and ℓ ≥ 2.
Suppose that r ≥ 1, k + r is even, ℓ = 1 and k ≤ n − 2. Since f mp(G) = k, it follows that
⌉. Let F 7 be a k-regular graph of order n − 1 such that F 7 can be decomposed into k edge-disjoint perfect matchings, and let G , as desired.
Note that g(n, k) = s(n, k + 1) − 1. Then we have the following result for g(n, k).
Corollary 3.2. Let n, k be two positive integers such that n = ℓ · (k + 2) + r, where 0 ≤ r ≤ k + 1 and k ≥ 5.
(
where (a) r = 0; (b) r ≥ 1, k + r + 1 is odd; (c) r ≥ 1, k + r + 1 is even, k is odd, and ℓ ≥ 2.
(2) If r ≥ 1, k + r + 1 is even, k is even, and ℓ ≥ 2, then
For k = 0, 1, we have the following result.
Proposition 3.1. Let n, k be two positive integers such that n ≥ 3 is odd. Then . So s(n, 1) = n+3 2 . Theorem 3.3. Let n, k be two positive integers such that n ≥ 9 is odd. Then s(n, 2) = n + 3.
Proof we have no FMP in the resulting graph by Theorem 2.3, and hence f mp(H 3 ) ≤ 2. For any edge e in H 3 , H 3 − e contains a (2k − 4)K 2 ∪ C 5 ∪ C 4 as its subgraph, and hence f mp(H 3 ) ≥ 2. So f mp(H 3 ) = 2 and s(n, 2) ≤ n + 3. as its subgraph, and hence f mp(H 4 ) ≥ 2. So f mp(H 4 ) = 2 and s(n, 2) ≤ n + 3.
It suffices to show s(n, 2) > n + 2. Suppose s(n, 2) ≤ n + 2. Then there exists an odd graph G of order n with e(G) = n + 2 and f mp(G) = 2. It is clear that δ(G) ≥ f mp(G) = 2.
Proof. Assume, on the contrary, that ∆(G) ≥ 7. Then there exists a vertex of G, say v, such that
e(G) = 1 2
We assume that there exists a connected component C of G such that ∆(C) ≤ 6. We may assume that C = G, and this assumption does not affect the validity of our proof. We distinguish the following cases to show this theorem.
In this case, there exists a vertex of degree 6 in G, say u. Since e(G) = n + 2, it follows that any vertex in G − u has degree 2, and hence G = A 1 must be a graph obtained from 3 cycles by sharing exactly one vertex; see Figure 2 (a). Clearly, G − u is the union of three paths, say Since |V (G)| is odd, it follows that ℓ 1 + ℓ 2 + ℓ 3 is even, and hence ℓ 1 or ℓ 2 or ℓ 3 is even.
Without loss of generality, suppose ℓ 1 is even. From Theorem 2.3, G − u 1 u 2 has no FMP, implying f mp(G) ≤ 1, contradicting to the fact that f mp(G) = 2.
Since e(G) = n + 2, it follows that there exist two vertices u, v such that deg G (u) = 5 and Figure 2 (b) , where ℓ 1 , ℓ 2 , ℓ 3 , ℓ 4 are all integers and
Since |V (G)| is odd, it follows that ℓ 1 + ℓ 2 + ℓ 3 + ℓ 4 is odd. We consider the following two cases by the value of ℓ 1 .
If ℓ 1 is odd, then ℓ 2 + ℓ 3 + ℓ 4 is even, and hence ℓ 2 or ℓ 3 or ℓ 4 is even. If ℓ 2 is even, then it follows from Theorem 2. If ℓ 1 is even, then it follows from Theorem 2.3 that G−(u 1 u 2 ) has no FMP, and hence f mp(G) ≤ 1, contradicting to f mp(G) = 2.
Since e(G) = n + 2, it follows that G has at most two vertices of degree 4. Then G = B 1 or G = B 2 or G = B 3 or G = B 4 ; see Figure 3 . (2) At least one in {ℓ i | 1 ≤ i ≤ 4} is odd.
Without loss of generality, we suppose ℓ 1 is odd. Since ℓ 1 + ℓ 2 + ℓ 3 + ℓ 4 is even and at least one of one in {ℓ i | 1 ≤ i ≤ 4}, it follows that there exists some ℓ j (j = 2, 3, 4) such that ℓ j is odd. If ℓ 1 and ℓ 2 is odd, then ℓ 3 and ℓ 4 is even, and hence G − xu 1 has no FMP, implying that f mp(G) ≤ 1, a contradiction. If ℓ 1 is odd, and either ℓ 3 or ℓ 4 is even, then G − xu 1 has no FMP, implying that f mp(G) ≤ 1, a contradiction.
Suppose that ℓ 5 is odd, ℓ 6 is odd, and ℓ 1 + ℓ 2 + ℓ 3 + ℓ 4 is odd. Then the number of odd integer in {ℓ i | 1 ≤ i ≤ 4} is 1 or 3. If the number is 1, say ℓ 1 , then G − xu 1 has no FMP, implying that f mp(G) ≤ 1, a contradiction. If the number is 3, say ℓ 1 , ℓ 2 , ℓ 3 , then G − xu 1 has no FMP, implying that f mp(G) ≤ 1, a contradiction.
Results for f (n, k)
Next, we give the exact value of f (n, k). + k.
